We demonstrate control and stabilization of a frequency comb generated by Kerr nonlinearity induced four-wave mixing in a monolithic fused silica microresonator. The comb parameters are controlled via the power and the frequency of the pump laser. Moreover, we present generation of frequency combs in larger scale microresonators exhibiting a comb spacing of less than 100 GHz. This provides a route to direct on-chip synthesis of frequency combs stabilized to a microwave standard.
Introduction.-Optical frequency combs [1, 2] have become a universal tool for high precision spectroscopy within the last years and are moreover used for various applications such as broadband gas sensing [3] , molecular fingerprinting [4] , optical clocks [5] and Attosecond physics [6] . Frequency comb generation naturally occurs in mode-locked lasers whose emission spectrum constitutes an "optical frequency ruler" and consists of phase coherent modes that can be fully described by f m = f CEO + m · f rep (where m is the number of the comb mode). Consequently, stabilization of a frequency comb requires access to two independent parameters: the spacing of the modes, which is given by the rate f rep at which pulses are emitted and the offset, given by the carrier envelope offset frequency f CEO , which can be measured and stabilized using the powerful technique of selfreferencing (by employing for instance an f − 2f interferometer [7, 8] ). Indeed, these techniques have been cricital to the success of mode locked lasers as sources of optical frequency combs.
Recently, a monolithic frequency comb generator has been demonstrated for the first time. This approach is based on continuously pumped fused silica microresonators on a chip [9] , in which frequency combs are generated via parametric frequency conversion through fourwave mixing, mediated via the electronic (Kerr) nonlinearity of silica [10, 11] . In this energy conserving process, two pump photons are converted into a symmetric pair of sidebands with a spacing of the free spectral range (FSR) of the microcavity. This four-wave mixing process can cascade and give rise to frequency combs spanning up to 500 nm in the infrared with a mode spacing of up to 1 THz. The comb modes have been shown to be equidistant to a fractional frequency uncertainty of one part in 10 17 relative to the pump frequency [12] .
Here we present two significant results that are neccessary preconditions for the monolithic comb generator to be viable in frequency metrology. First, we demonstrate that it is possible to control two independent degrees of * Electronic address: tjk@mpq.mpg.de freedom of a microcavity frequency comb (MFC), which is required for full stabilization of the comb spectrum. Unlike in mode locked lasers, one comb parameter can be accessed via the frequency of the pump laser (since part of the MFC), whereas the mode spacing as second degree of freedom is controlled by changing the optical pathlength of the microcavity via the pump power dependent refractive index change of the microresonator. This type of comb control is very robust, since no moveable elements are involved as in the case of mode-locked femtosecond lasers. The actuators are used to demonstrate full stabilization of a microcavity frequency comb by locking its spectrum to a fully phase stabilized reference comb. Second and equally important, we show that smaller mode spacings can be achieved in monolithic comb generators. A legitimate drawback [13] in earlier work [12] has been the large mode spacing (≈ 1 THz) that was not amenable to direct detection with photodiodes. Hence, we demonstrate larger scale microresonators approaching the mm-range with mode spacings of less than 100 GHz, which are accessible with (fast) photodiodes and represent a route for direct locking to a microwave frequency reference. . The toroids have been made from microfabricated silica disks [9] with an initial diamameter of 800 µm, while the reflow process for the generation of surface tension induced toroids has been performed by moving the focus of a CO 2 -laser beam around the circumference of the silica disks. Coupling of laser light into these resonators is achieved via tapered optical fibers with a waist of less than 1 µm as detailed in prior work [14, 15] . Tapered optical fibers yield coupling efficiencies of more than 95%, an important prerequisite for high circulating energies within the resonator. Fig. 1(b) shows a comb spectrum with 88 GHz mode spacing, which is produced by pumping a 750-µm-microtoroid with 200 mW of continuous wave power at 1570 nm. These larger toroids are expected to give rise to even broader frequency combs than the previously observed 500 nm because of reduced geometrical dispersion. Furthermore, the spectral width could be vastly improved by increasing the optical quality factor of the microtoroid (Q-factors of up to 1 billion have been attained in millimeter size microspheres [16] ).
Stabilization of the microcavity frequency comb.-To test the previously introduced actuators for two degrees of freedom of the microcavity comb generator, we verified whether locking of the MFC to a fully stabilized conventional frequency comb is possible. The setup is depicted in Fig. 2 and is used to both control and stabilize the spectrum of the microcavity comb. One mode of a toroidal microresonator is pumped with a tunable external cavity diode laser amplified by an erbium doped fiber amplifier (EDFA), leading to the generation of an MFC. Subsequently, the frequency of the pump laser and consequently one degree of freedom of the MFC is locked to one mode of a reference comb (a fully phase stabilized erbium fiber laser based frequency comb with a repetition rate of ca. 100 MHz [17] ). The signal used to lock the pump laser frequency originates from a beat note detection unit ["Beat 1" in Fig. 2(a) ], consisting of beam splitter cubes and polarizing elements that generate a beating between the pump laser mode and the reference comb modes. This signal is detected with a fast photodiode and yields a signal to noise ratio of ca. 30 dB (within a resolution bandwidth of 500 kHz) and is modulated at the difference frequency between the pump laser and the adjacent line of the reference comb. To obtain an error signal for a phase locked loop (PLL), the signal is mixed down with a stable radio frequency reference. The correction signal from the PLL is fed back onto the laserdiode current of the external cavity laser to gain fast control of the pump frequency. Note that this actuator does not affect the pump power launched into the microcavity, since the subsequent Erbium doped fiber amplifier (EDFA) is operated in saturation, correspondingly amplifying the signal to a constant value. A second beat detection unit ["Beat 2" in Fig. 2(a) ] records a signal at the difference frequency between a higher order sideband mode of the MFC and the reference comb. Selection of a single MFC sideband is realized with a diffraction grating. The beat note signal is stabilized with a second phase locked loop that generates a correction signal, which controls the pump power launched into the cavity. In brief, tuning the pump power leads to a temperature change within the mode volume of the resonator, changing the optical pathlength of the cavity modes and modifies the value of the mode spacing. A more detailed description of the mode spacing control is discussed later in this paper. The launched pump power is controlled via the 980-nm pump diode current of the EDFA [cf. Fig. 2 ]. Since the mode spacing control via the pump power does not influence the pump frequency, this constitutes a perfectly orthogonal actuator for this degree of freedom. Scheme of the experimental setup used for stabilizing a microcavity frequency comb. An external cavity diode laser is tuned into a microcavity resonance and phase locked to a fully stabilized reference frequency comb ("Beat 1"). Simultaneously, one sideband of the microcavity comb (selected by a grating) generates a second beat note ("Beat 2") that is utilized to stabilize the mode spacing via the pump power.
(b) Illustration of the corresponding beat notes between the microcavity comb and the reference comb.
Besides the stabilization of the MFC, the signals from beat detection unit 1 and 2 are simultaneously recorded with radio frequency counters (HP 53131A) to determine the stability of the MFC. Fig. 3 shows the measured stability of the comb generated from a monolithic toroid with a diameter of 165 µm and a mode spacing of 400 GHz. In this experiment, the pump frequency remains phase locked to the reference while the beat note fluctuations of the 7 th sideband ["Beat 2" in Fig. 2(a) ] are recorded and then interpolated (divided by 7) to investigate the relative mode spacing drifts. The result of this measurement is shown in Fig. 3(a) as a function of time, for a counter gate time of 1 s. The first part of the data corresponds to the situation where the active feedback to the pump power is disabled. A slow mode spacing drift of approximately 60 kHz/hour has been observed, which can be attributed to a resonator temperature drifts during the measurement. Additionally, the unlocked comb exhibits faster mode spacing fluctuations with a time constant of several seconds [inset Fig. 3(a) ] which originate from pump power fluctuations of the EDFA. The arrow in Fig. 3(a) denotes the point at which the lock of the MFC sideband to the reference comb has been enabled, resulting in a strong decrease of the observed fluctuations, as evident in the right part of the data in Fig.  3(a) . Closer inspection of the recorded beat of the stabilized mode spacing data [ Fig. 3(b) ] reveals counter gate time limited fluctuations of less than 1 mHz for the stability of the MFC's mode spacing, corresponding to a more than 50 million times higher stability compared to the unlocked state. Fig. 3(c) shows the stability of the pump laser frequency, phase locked to a reference comb mode.
Control parameters of the microcavity frequency comb.-The actuator to control the mode spacing of the MFC is the power launched into the resonator. Owing to the fact that the pump laser is part of the frequency comb (similar to the comb generators based on intracavity phase modulators [18] ), we can describe them conveniently by ν m = ν pump ± m · ν ms (with the pump frequency ν pump , the mode spacing ν ms and m being an integer number). To measure the dependence of the mode spacing ν ms on the pump power P pump , one microresonator mode is thermally locked to the pump laser [19] , which in turn is locked to a reference comb mode with the scheme depicted in Fig. 2 . The thermal self-locking of the microresonator to the pump laser is described in Ref. [19] . In brief, the temperature dependent refractive index of silica leads to a shift of the microcavity mode to lower frequencies when it is heated by the pump laser. Thus, approaching the pump laser frequency from higher frequencies (blue detuned) to the microcavity mode allows for stable operating points, in which small fluctuations of the pump detuning are compensated due to a change in intracavity power. This thermal self-locking allows for tuning ranges of tens of GHz without losing the resonance of the microcavity. After locking the pump laser frequency, the microcavity pump power is tuned, while simultaneously measuring the mode spacing by counting the beat note frequency of an MFC sideband with another reference comb mode. The results of this measurement are depicted in Fig. 4(a) and show a linear dependence between mode spacing and pump power: ν ms = ν ms0 +γ ·P pump with a slope of γ = −196 kHz/mW and ν ms0 being the mode spacing of the cold microcavity at the pump frequency. Consequently, the microcavity comb is entirely defined by the pump frequency and the pump power and we can write the position of the MFC modes as ν m = ν pump ± m · (ν ms0 + γ · P pump ). Addi- tionally, it is emphasized that this type of stabilization does not require any moveable parts and is thus highly mechanically robust.
In a next step, we investigate the origin of the pump power dependent mode spacing change. Resulting from the high quality factors and small mode volume of the microresonator, several nonlinear effects contribute to this effect by changing the geometric and refractive properties of the cavity. For low actuation frequencies (< 10 kHz) it has been shown that thermal effects such as temperature dependent refractive index changes and thermal expansion are dominant compared to the intensity dependent refractive index (Kerr nonlinearity) [20] . The corresponding variation of the microcavity's free spectral range is given as δν FSR = ∆R R + ∆n n · ν FSR , depending on the change in the radius of the resonator ∆R and the refractive index ∆n. The relative change in the cavity size ∆R R = α l · ∆T and refractive index ∆n n = α n · ∆T depend on the temperature of the resonator (which is controlled via the pump power by absorption of photons in the resonator). Comparing the thermorefractive coefficient for silica (α n = 1.0 × 10 −5 K −1 ) with the thermal expansion coefficient (α n = 5.5 × 10 −7 K −1 ) it can be concluded that the main contribution originates from the thermorefractive effect [21] . The tuning range of the mode spacing is δν FSR = 500 kHz [ Fig. 4(a) ], corresponding to a temperature shift of 0.1 K within the mode volume.
Thermal effects in microcavities have already been investigated in earlier experiments by measuring the temperature dependent resonance frequency shift in a microcavity [19] . Since we assume that the same thermal effect is responsible for the mode spacing change, an experiment has been carried out to quantify the shift of an optical microcavity resonance with the pump power. The result is depicted in Fig. 4(b) and exhibits a linear behaviour with a slope of Γ = −93 MHz/mW. It shows that the microcavity resonance is red shifted with rising intracavity power. This implies that the microcavity resonance is shifted away from the pump laser with increasing pump power (since it is thermally locked on the blue wing). However, the net intracavity power, which is crucial to maintain comb generation, remains increasing because the rising pump power overcompensates for the resonance shift. Moreover, the thermally induced frequency shift only affects the coupled power to second order when working close to zero detuning.
The relation between the power dependence of the resonance shift Γ and the mode spacing change γ follows from the microcavity's resonance condition: Neglecting dispersion effects, the microcavity is resonant at frequencies ν m = Using ∆ν m = Γ · ∆P and ∆ν ms = γ · ∆P (for a pump power change of ∆P ), yields Γ γ ≈ 500, which agrees well with the measured value of Γ γ ≈ 474.5, indicating that the same thermorefractive effect leading to a temperature dependent resonance frequency variation [19] is also responsible for the mode spacing variation used for the MFC stabilization.
High bandwidth of the stabilization actuators is crucial to achieve a stable locking of the microcavity comb modes. The setup in Fig. 4(c) is employed to measure the locking bandwidth of the mode spacing control. For this experiment, the control signal for the intracavity power is modulated at varying frequencies and added to the correction signal of the phase locked loop, while simultaneously measuring the correction signal of the phase locked loop. The thermal effect controlling the microresonator's modespacing is expected to follow the modulation at low frequencies, whereas at higher frequencies it is not able to follow anymore. The result of the measurement in Fig.  4(d) shows the frequency dependence of the correction signal, exhibiting a 3 dB cut-off at approximately 10 kHz. This measured value is even lower than the expected thermal cut-off frequency in silica, which can be estimated by f c = κ R 2 0 ≈ 100 kHz [22] (with the thermal diffusivity of silica κ ≈ 9 · 10 −7 m 2 s and R ≈ 3 µm being the diameter of the effective mode area). The comparatively high bandwidth of the thermal effect is a consequence of the small mode volumes in toroidal microcavities that allow fast heat removal to the adjacent silica as well as the surrounding air.
Finally, it is noted that recent experiments already allowed direct measurement of an 85 GHz mode spacing beat note signal from a 750 µm toroidal microcavity using a fast photodiode (in conjunction with a harmonic mixer), exhibiting a signal to noise ratio of more than 60 dB at a resolution bandwidth of 3 kHz.
Conclusion.-Stabilization of frequency combs generated by four-wave mixing in microresonators has been demonstrated for the first time. The locking scheme is operating without movable parts via the power and frequency of the pump laser. Independent control of two degrees of freedom of the frequency comb is achieved by controlling the mode spacing via fast thermal effects (>10 kHz) and adjusting the pump laser frequency. The stabilization of a microcavity frequency comb in conjuction with mode spacings in the microwave domain is an im-portant step towards a low cost, small sized frequency comb generator for spectroscopy applications, spectrometer calibration, arbitrary optical waveform generation and high capacity telecommunication.
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